An increasing number of different unlicensed wireless technologies have been deployed in the TV white space (TVWS). Because MAC/PHY designs of coexisting networks are incompatible, heterogeneous cognitive radio networks operating in the same TVWS spectrum may cause severe mutual interference, which further leads to performance degradation or even the inability to continue operation. Motivated by the competition relationship between different species in a stable ecosystem, this paper formulates the heterogeneous coexistence problem over TVWS as a nonlinear feedback control system (NFCS) based on the Lotka-Volterra competition model. With the differential mean value theorem, we can obtain a feedback controller to the NFCS via solving a sufficient condition in the form of linear matrix inequalities, based on which a spectrum sharing allocation algorithm (SSAA) is proposed to enable the NFCS to converge to any feasible spectrum share. It is shown that the SSAA is compatible with the IEEE 802.19.1 system. Finally, extensive simulations demonstrate the efficiency of the proposed SSAA.
INTRODUCTION
With the fast proliferation of wireless communication and networking technologies, wireless networks have penetrated every part of human life. However, because of the dramatic increase of wireless devices and communication traffic, the spectrum congestion problem over the unlicensed bands becomes much more critical than ever before. One promising solution is to exploit the TV white space (TVWS) via cognitive radio networks (CRNs) to circumvent the interference over the unlicensed bands [1] . Typical CRN standards include IEEE 802. 22 Wireless Regional Area Network (WRAN) [2] , IEEE 802.11af (WiFi over TVWS) [3] and ECMA 392 (Wireless Personal Area Network (WPAN) over TVWS) [4] . These CRN standards open doors to scenarios in which different unlicensed wireless technologies coexist in the same TVWS spectrum. The harmonious coexistence between heterogeneous CRNs (H-CRNs) over TVWS, referred as heterogeneous coexistence, is of paramount importance to maintain the quality of service of each H-CRN [5] .
However, the distinctive characteristics of the TVWS spectrum pose new and challenging issues. The excellent propagation characteristics of the TVWS spectrum cause severe interference among the coexisting CRNs. Moreover, the heterogeneity among the TVWS standards does not allow the adoption of cooperation-based interferenceavoidance schemes. Finally, it is likely to expect that multiple CRNs share the same spectrum band because the TVWS spectrum is significantly scarce in densely populated areas [6] .
The existing heterogeneous coexistence schemes can be roughly summarised in the following two directions.
'specific' solutions to solve the transmission confliction between two given H-CRNs, which prohibits their use in the scenario of heterogeneous coexistence. Centralised schemes: Centralised schemes are appealing for the case in which a mediator system is available for coordinating the operations of coexisting H-CRNs. The IEEE 802.19.1 task group focused on such a centralised scheme in which an IEEE 802.19.1 system [11, 12] serves to coordinate spectrum sharing among H-CRNs. With the aforementioned idea, decision-making algorithms (such as FACT [13] , SHARE [14] and SCHEME [15] ) for an IEEE 802.19.1-compliant system are proposed. Despite the requirement on the deployment of network architecture to support spectrum sharing, IEEE 802.19.1 is expected to become an enabler for the seamless operation of H-CRNs [12] .
Motivated by the aforementioned discussion, this paper proposes a novel heterogeneous coexistence scheme that is compatible with the IEEE 802.19.1 system. We formulate the interplay model in terms of spectrum share between H-CRNs by the Lotka-Volterra (L-V) competition model [16, 17] . In doing so, the spectrum dynamics of each H-CRN in the coexistence environment can be analysed under the framework of nonlinear control systems. By studying the system equilibrium, we analyse the stability of the autonomous system under different competition coefficients of the L-V competition model. We further introduce a feedback control to the L-V competition model. Based on the differential mean value theorem (DMVT) [18] , we obtain a sufficient condition to the equilibrium assignment of the nonlinear feedback control system (NFCS) in the form of linear matrix inequalities (LMIs). We further propose a spectrum sharing allocation algorithm (SSAA) by solving the set of LMIs. Simulation results show that the proposed SSAA can guarantee any feasible requirement of spectrum share for H-CRNs. The major contributions of this paper are summarised as follows:
Inspired by the L-V competition model, we propose to use a novel NSFC model to formulate the heterogeneous coexistence of H-CRNs. As far as we know, the proposed NSFC model has never been used by other existing works. Based on the DMVT, we derive a sufficient condition in the form of LMIs to the equilibrium assignment of the NFCS. The SSAA is designed based on a feasible solution to the set of LMIs. To the best of our knowledge, this is the first paper that applies nonlinear control theory to the design of heterogeneous coexistence schemes. By employing an IEEE 802.19.1 system as a mediator, the SSAA coordinates the interaction between H-CRNs, and only sanitised information is passed across H-CRNs. Therefore, we believe that the SSAA is an ideal coexistence solution for H-CRNs operated by competing service providers.
The remainder of this paper is organised as follows. The related works are reviewed in Section 2. Section 3 introduces the technical background of this paper from the aspects of IEEE 802.19.1 system and L-V competition model. Section 4 gives out the network model and analyses the system equilibrium. Section 5 proposes the SSAA that enables the NFCS to converge to any feasible spectrum share. Section 6 evaluates the performance of this work by computer simulations. Conclusions are drawn in Section 7.
RELATED WORK
This section reviews the related works of this paper from the following two aspects.
Self-coexistence schemes
Self-coexistence schemes can be employed when the operations of coexisting networks are directly coordinated. Brahma et al. [19] formulate the problem of mitigating self-interference among IEEE 802.22 networks as an infinite horizon repeated game and propose a mixed strategy that achieves subgame-perfect Nash equilibrium. Ko et al. [20] also study the IEEE 802.22 inter-base station coexistence issue from a game-theoretical perspective. To enable IEEE 802.22 dynamic resource renting-offering and adaptive on-demand channel contention operation, a resourcetransaction algorithm is proposed and analysed via game theory. Gardellin et al. [21] investigate the self-coexistence issue for the IEEE 802.22-based cellular network and propose two channel assignment schemes for cooperative and non-cooperative cognitive radio devices along with their pros and cons.
Although the direct coordination between coexisting networks in self-coexistence schemes may facilitate the spectrum sharing process, at the same time, it requires the exchange of potentially sensitive information, such as traffic load and bandwidth requirement, across different networks. As a result, the issue of conflict-of-interest and the concern of customer privacy for competing service providers could be raised.
Heterogeneous coexistence schemes
Unlike self-coexistence schemes, heterogeneous coexistence schemes have to modify the MAC layer of coexisting H-CRNs (autonomous schemes) or take advantage of a mediator system (centralised schemes) to facilitate the spectrum sharing process, because of the incompatible PHY/MAC design.
Autonomous schemes: Bian et al. [7] present a coexistence protocol utilising beacon transmission and dynamic quiet periods to avoid packet collisions to mitigate the hidden terminal problem for the coexistence between time-division-multiplexing and carrier-sense-multiple-access networks. Cheng et al. [8] propose a jamming-based MAC layer method, a probing function that enhances the primary userdetection ability and the fairness feature, and propose a decentralised MAC protocol by combing the probing function and previous CRN MAC protocols. Tseng et al. [9] study the problem of self-organised network selection in heterogeneous networks with time-varying channel availability and unknown number of SUs by an ordinal potential game and propose a decentralised stochastic learning-based algorithm to it. Cacciapuoti et al. [10] design an optimal coexistence strategy that adaptively and autonomously selects the channel, maximising the expected throughput of multiple heterogeneous and independently operated unlicensed networks. Centralised schemes: Bahrak et al. [13] for the first time formulate the coexistence decision making (CDM) problem as a multi-objective combinatorial optimisation problem with a set of critical constraints, each corresponding to an important prerequisite for the coexistence of H-CRNs. A CDM algorithm-FACT is proposed based on the modified Boltzmann machine to find a Pareto optimal solution to the CDM problem. The FACT algorithm is also shown compatible with the coexistence enabling system with a centralised topology such as an IEEE 802.19.1 system. Bian et al. [14] build an architecture SHARE for enabling harmonious heterogeneous coexistence. The SHARE leverages an IEEE 802.19.1 system to establish an indirect coordination mechanism for coexisting H-CRNs and employs an ecology-inspired spectrum sharing algorithm to achieve a weighted-fair spectrum sharing allocation among H-CRNs. Zhang et al. [15] generalise [14] by considering a quality of service parameter and different mutual interference factors in the spectrum competition model.
Although the literature on autonomous heterogeneous coexistence schemes is wider than that on centralised ones, an increasing number of researchers will be devoted to the design of centralised coexistence schemes, owing to the official release of the IEEE 802.19.1 [11, 12] . This paper is similar to [14, 15] . However, there are at least three major differences between this work and [14, 15] . First, this work proposes an L-V-based NFCS model, which generalises the classic L-V competition model by introducing a state feedback control. Second, this work proposes a DMVTbased SSAA, which leads the system to converge to an arbitrarily specified and feasible spectrum share, while in [14, 15] , only the equilibrium with weighted fairness can be achieved. Third, the proposed SSAA converges for any positive competition coefficient˛, while SHARE [14] and SCHEME [15] are stable only when 0 <˛< 1.
Finally, we complete Section 2 by summarising the application scenarios, advantages, disadvantages and relevant references of coexistence schemes over TVWS in Table I Next, we will briefly present the system architecture of an IEEE 802.19.1 system. As shown in Figure 1 , the IEEE 802.19.1 system defines three entities:
Coexistence manager (CM): each CM collects registration information from H-CRN it serves, neighbour information and available channel information from the coexistence database and information server (CDIS) and makes decisions on operating parameters of the H-CRN it serves according to the collected information. CDIS: the CDIS retrieves the list of available channels from the TVWS database and provides coexistencerelated sensitised information to CMs. Coexistence enabler (CE): CEs enable communications between the TV band device networks (which correspond to the coexisting H-CRNs in this paper) and the IEEE 802.19.1 system. In this paper, the channel information from the TVWS database is assumed accurate, and thus, we can focus on the coexistence between H-CRNs, ignoring the interplay between primary users and H-CRNs.
L-V competition model
In ecology, competition is the relationship between members of the same or different species in which individuals are adversely affected by those sharing the same living resources (e.g., water and food). The L-V competition model is a well-known model for describing the population dynamics of multiple species those are engaged in the competition. In the L-V competition model, the impact on population dynamics of species i can be calculated by a nonlinear differential equation
where N i denotes the population of species i, K i denotes the carrying capacity of specie i in the environment, r i (r i > 0) denotes the intrinsic rate of increase and˛i j (˛i j > 0) denotes the competition coefficient, which characterises the impact of species j's population variation on the population dynamics of species i.
NETWORK MODEL
We consider n H-CRNs, which coexist in the same spectrum band of TVWS. Let N denote the set of HCRNs. As the quality of service requirement of a CRN closely depends on its allocated bandwidth, we focus on the dynamics of the spectrum share for each H-CRN. Inspired by [14] (in which the mapping between biological ecosystems and coexisting H-CRNs is given), we also use the L-V competition model to characterise the dynamics of spectrum share for each H-CRN. Let s i denote the spectrum share of H-CRN i (i 2 N ) and S D .s 1 , s 2 , : : : , s n / denote the spectrum share vector of H-CRNs. Then, we have
In (2), we let˛D˛i j and r D r i to reflect the equality of all the coexisting H-CRNs.
Equilibrium analysis
Obviously, the equilibrium s i of (2) fulfils the following equation:
where 
where A i is the matrix formed by replaying the i-th column of A by the column vector b. Then, we calculate the sum of
It is proved in [14] that the L-V competition model is stable when 0 <˛< 1. However, the equilibrium S is infeasible because the available bandwidth C cannot support the sum of s i in (6) . On the other hand, when˛> 1, the equilibrium S is feasible, but the stability of the equilibrium S cannot be guaranteed. From the aforementioned discussion, the equilibrium to (2) is either fixed as value dependent (˛D 1). Thus, the classic L-V competition model (2) is obviously unable to guarantee a distinct spectrum share for each H-CRN.
Equilibrium assignment
The utility function is adopted in this paper to describe the satisfaction level of one H-CRN. The following family of utility functions, parameterised by a > 0, is proposed in [22] :
We can achieve different types of fairness by selecting different values of a (i.e. different shapes of utility functions).
In this paper, a is termed as the fairness parameter. For example, when a D 1, the utility function is guaranteed to achieve proportional fairness; when a D 2, then harmonic mean fairness; and when a ! 1, then max-min fairness.
For a given a, we employ the network utility maximisation framework to optimise spectrum allocation among H-CRNs. The equilibrium S with the desired fairness can be obtained by solving the following network utility maximisation problem
where w i is the weight associated with U a .s i /. Problem (8) is convex and thus can be efficiently solved in polynomial time, by solution methods such as interiorpoint methods [23] .
SPECTRUM SHARE ALLOCATION ALGORITHM
This section aims to design a SSAA that will eventually reach an arbitrarily specified but feasible equilibrium S D s 1 , , s n T .
Feedback controller design
This section will design a feedback gain matrix L (L 2 R n n ) for the following NFCS:
such that the tracking error e.t/ D S.t/ S converges to zero asymptotically, as t ! 1. According to (3), we known that at the equilibrium S
Combining (9) and (10), we find the dynamics of e.t/ as follows:
. . 
. .
So far, we have transformed the NFCS model (9) into an equivalent but linear system model (14) . In order to formulate the state space equation (14) 
With the aforementioned definitions, we conclude that A.t/ evolves in a bounded domain H n Â R n n whose 2 n 2 vertices are defined as follows:
Finally, we arrive at the compact form of the state space equation (14) as follows: 
The proof of Theorem 1 is given in Appendix. j2N fulfilling (19) , the spectrum dynamics of H-CRN i is described as follows:
Algorithm description
The SSAA is designed based on the IEEE 802.19.1 system. The details of the SSAA are given as follows. Initialisation of SSAA: All the coexisting H-CRNs are registered at the CDIS (i.e. N is available to the CDIS).
Each H-CRN i starts its spectrum sharing process by reporting the bandwidth requirement c i to the CDIS via its associated CE. The CDIS retrieves the bandwidth of the available channels C from the TVWS database. The competition coefficient˛, the intrinsic rate of increase and the fairness of the utility function a are publicly available within the coexistence system.
Preparation of SSAA: At the CDIS, a feasible feedback gain matrix O L is constructed as O L D P 1 R T , where R and P are feasible solutions to (19) . † The CDIS then achieves the expected spectrum share allocation result S by solving the optimisation problem (8) with a specified fairness parameter a and weights w i D
Main loop of SSAA:
Each H-CRN i (i 2 N ) sends the spectrum share s i to the CDIS periodically. The CDIS sends back the global informationˇD P i2N s i and the local informationˇ.
Each CM i (i 2 N ) periodically updates the spectrum share s i as (20) , that is,
The aforementioned two steps repeat until all HCRNs are with zero changing rate of spectrum share, that is,
Output of SSAA: CM i notifies the H-CRN i its spectrum share O s i via its CE. The pseudo code of the SSAA is shown in Algorithm 1.
Remark 1.
Each H-CRN i updates its spectrum share only relying on the sanitised informationˇandˇ.
i/ l . In doing so, sensitive information such as traffic load and bandwidth requirement is not shared across different HCRNs, which avoids the issue of conflict of interest and the concern of customer privacy for competing service providers. 
The CDIS solves problem (8) The CDIS sends backˇD
Each CM i periodically updates the spectrum share s i according to (21) 
The classic L-V competition model
Two existing works [14, 15] , which adopt the classic L-V competition model, are most related to this work. When D 0.5, we observe from Figure 2 that all the spec- trum share variables converge to an equilibrium S 0.5 D OE10 10 10 T for an initial value S 0 D OE12 6 2 T . In spite of fast convergence (e.g. 45 iterations), the equilibrium is infeasible because the sum of S is larger than C.
When˛D 1.5, we observe from Figure 3 that all the spectrum share variables diverge for the same initial value S 0 D OE12 6 2 T . Due to the physical constraints on spectrum share, the spectrum share of H-CRNs finally arrives at S 1.5 D OE20 0 0 T . Although S 1.5 is a feasible spectrum share, the fairness of the allocation is missing. Figures 2 and 3 coincide with the analysis in Section 4.1, which reconfirms that the classic L-V competition model [14, 15] cannot guarantee a stable and fair spectrum share.
The NFCS model
Without loss of generality,˛D 1.5 is assumed for the rest of the simulations. The bandwidth requirement vector of the three H-CRNSs is OE15M 9M 6M, and thus the initial weight vector of H-CRNs is W 1 D OE0.5 0.3 0.2. To test the fairness of the proposed SSAA, we consider two values of the fairness parameter a. For both cases, we set the initial value S 0 D OE12 6 2.
By solving the LMIs in (19), we can calculate the feasible solution P 1 and R 1 as follows: Figure 5 that the spectrum share of the NFCS model in (10) converges to the equilibrium S a2 .
In order to test the dynamic adaptability of the SSAA, we vary the number of coexisting H-CRNs. Notice that, in Figures 4 and 5, H-CRN Figure 4 and Figure 5 show that the spectrum shares of the two remaining H-CRNs deviate from equilibrium, but quickly converge to a new equilibrium (S a1 D OE12.5 7.5 or S a2 D OE11.27 8.73), which implies that the proposed SSAA is robust against the disturbance in the quantity of H-CRNs.
CONCLUSION
This paper has proposed a novel NFCS model based on the classic L-V competition model to formulate the coexistence issue of H-CRNs. With the help of the DMVT, we have obtained a sufficient condition in the form of LMIs, conditioned on which the NSFC could converge to an arbitrarily specified but feasible equilibrium, and a feedback controller of the NFCS by solving the set of LMIs as well. Based on the aforementioned theoretical results, an SSAA, which is compatible with the IEEE 802.19.1 system, has been proposed. Simulation results have shown that the proposed SSAA asymptotically converges to the expected spectrum share, despite of disturbance during the convergence process. This paper can be easily generalised to the case of different˛i j 's and different r i 's. The implementation of this work on real H-CRN platforms is another work to be accomplished in the future.
APPENDIX
Proof. First, we adopt a quadratic Lyapunov function as follows in order to study the convergence of e. By using the notation R D L T P, we prove that the conditions (A4) and (19) are equivalent. Therefore, if (19) holds, then (A4) also holds, which implies that P V.t/ < 0. This completes the proof of Theorem 1.
